ALGEBRAS GENERATED BY ELEMENTS WITH 

GIVEN SPECTRUM AND SCALAR SUM AND 

KLEINIAN SINGULARITIES 

ANTON MELLIT 

Q ■ Abstract. We consider algebras eiII^{Q)ei where U^iQ) is the 

^\i I deformed preprojective algebra of weight A and i is some vertex of 

_H ■ <5 in the case when Q is an extended Dynkin diagram and A lies on 

r-{ I the hyperplane orthogonal to the minimal positive imaginary root 

1—^ ■ 6. We prove that the center of 6^11'*' (Q)ei is isomorphic to ©'"'(Q) 

r~^ I which is a deformation of coordinate ring of Klcinian singularity 

which corresponds to Q. Also we find the minimal k for which the 

'"T'l standard identity of degree k holds in eiIl^{Q)ei. We prove that 

^ ■ algebras Ap^^,,,^p^.f^ = C(a;i, . . . , Xn\Piixi) = 0, X^Li ^i = A^e) are 

Pm I the special case of algebras ecTl'^{Q)ec for star-hke quivers Q with 

(~| ■ origin c. 

-4— > ■ 

a • 

^: 

Introduction 

K^ ! Consider the problem of description of n-tuples of hermitian oper- 

, I ators {^i} in a Hilbert space satisfying given restrictions on spectra 

T-H ■ cr{Ai) C Mj with Mj C M finite and relation Yll^=i ^i = l^^i with / - 

^ . the identity and /i G M. Study of such n-tuples is equivalent to study 

t:j- ! of *-representations of certain *-algebra. Forgetting the *-structure we 

O I arrive to the following class of algebras. 






Definition 1. Let Pi, . . . , Pn be complex polynomials in one variable 
and /i G C. We put inessential restriction Pi{0) = 0. Define algebra 



^Pi,...,P„;M = C{Xi, . . . , Xn\PiiXi) = (z = 1, . . . , n), V" Xi =/ie). 

d ' In joint work of the author with Yu. Samoilenko and M. Vlasenko 

(see P) we studied some properties of such algebras: we computed 
growth of these algebras and proved existence of polynomial identities 
in certain cases (in fact, finiteness over center was proved). 

These algebras are closely related to deformed preprojective algebras 
of W. Crawley-Boevey and M.P. Holland (|2])- We briefly recall their 
definition. Let Q be a quiver with vertex set /. Write Q for the double 
quiver of Q, i.e. quiver obtained by adding a reverse arrow a* : j — > i 
for every arrow a : i — > j, and write CQ for its path algebra, which 
has basis the paths in Q, including a trivial path Cj for each vertex i. 
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If A = (Aj) G C^, then the deformed preprojective algebra of weight A 



IS 



a£Arrows(Q) 

where Arrows(Q) denotes the set of arrows of Q, and A is identified 
with the element X^jg/-^*^*- 

Let A = Apj_...^p,^;^. Consider quiver Q{A) with vertices 

I = {{i,j)\i = 1, . . . ,n, J = 1, . . . ,degPi - 1} U {c} 

and arrows 

{aij : {i,j) — > {i,j - l)|z = 1, . . . ,n, j = 1, . . . , degP^ -1}, 

where (i, 0) is identified with c for i = 1, . . . ,n. 

(1, 1) ^ (1, 2) ^ ^ (1, dog Pi - 1) 



ail 



c ^ (2, 1) -« (2, 2) ^ ■ ■ ■ ^ (2, deg P2 - 1) 

""■ 022 ' ' a2degP2-l 




{n, 1) -« (n, 2) ^ ■ • • ^ (n, deg P„ - 1) 

Note that the graph Q coincides with the graph of algebra A, con- 
sidered in p. Here is an example of quiver Q for the case n = 3, 
degPi = 2, degP2 = 3, degP3 = 2: 

ail 0.21 0.22 
en > Cc < 621 < 622 

131 
631 

The first result establishes connection between algebras v4pj_...^p„;^ 
and deformed preprojective algebras. 

Theorem 1. Algebra A = Api,...,p„;/i is isomorphic to eJl'^{Q)ec under 
the isomorphism sending Xi to ana*^ for Q = Q{A) and 

n deg Pi ~ 1 

A = ^ ^ {oiij-i - oiij)eij + /iCc, 
i=l j=l 

where ctjo, «ji, • • • , ajdegPi-i are all roots of the polynomial Pi taken 
with multiplicities in any order with ctjo = 0. 

Consider the case when graph Q is an extended Dynkin diagram 
of type An, Dn or En- The following picture shows all such graphs 
along with coordinates of the so called minimal imaginary root 5 e C^. 
Boxed vertex is the extending vertex. 
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An'. 



Dr,: 




ErI 



■0 



Er 



■m 



E^ 







In j2] they proved that Il^{Q) is a Pl-algebra (on PI algebras see 
jSI) if and only if (5 • A = 0. Also they studied algebra C^(Q) which is 
eoIl^{Q)eQ where 0-th vertex is the extending vertex of Q, and proved 
that this algebra is commutative if and only if 5 ■ A = 0. For A = the 
algebra 0^{Q) coincides with the coordinate ring of the corresponding 
Kleinian singularity. 

In this paper we consider algebras CjII'^ej for arbitrary i G /. For the 
case (5 ■ A = we study center of such algebra and find minimal number 
k for which it possesses standard identity of degree k, i.e. 

k 

^ sign(7r) Yl x^{i) = 0. 



reSk 



i=l 



We denote by Sk the group of permutations of k elements. 
We obtain the following theorems: 

Theorem 2. If Q is an extended Dynkin diagram An, Dn or En, S-X = 
andi & I is some vertex of Q then center of eiIl''^{Q)ei is isomorphic 
to 0^{Q) = eQll^{Q)eQ where 0-th vertex is the extending vertex of Q. 
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Theorem 3. If Q is an extended Dynkin diagram An, Dn or En, 5-\ = 
and i E I is some vertex ofQ then CiU'^Ci possesses standard identity 
of degree 26i and it is the minimal number with such property. 

1. Representations of groups 

Suppose V" is a two dimensional complex vector space with simplectic 
form u. Let G be a finite subgroup of SL(y). Suppose irreducible 
representations of G are precisely {Viji^i where / = {0, 1, 2, . . . ,n} 
with Vq — the trivial one. Suppose 

n 

Then the McKay graph of G is defined to be a graph with vertex set / 
and number of edges between i and j is rriij (we will always have rriij = 



m 



■J* 



I. According to J. McKay (|lj) McKay graphs of finite subgroups 
of SL(y) are extended Dynkin diagrams: An for cyclic groups, Dn 
for dihedral groups and Eq, E^, Eg for binary tetrahedral, octahedral 
and icosahedral groups. Dimensions of irreducible representations are 
dimV^ = 6i. Let us fix some orientation of McKay graph of G thus 
obtaining a quiver Q. 

Let M be some CG-module. Consider vector space Fq{M) = T{V*)® 
M where 

oo 

T{V*) = V*^' — the tensor algebra of V*. 

Equip Fq{M) with the componentwise action of G. Then we can 
consider F{M) = Fq{M)'^ — the subspace of G- invariant vectors. 
Note that if M is algebra and multiplication respects action of G 
then both Fo(M) and F{M) become graded algebras with grading 
Fo{M)i = y*®^ ® M and F{M)i = (Fo(M)i)^. Consider algebra 
F(Endc(Vs)), where Vs is the direct sum of all irreducible CG-modules 
and G acts on Endc(Vs) by conjugation. Clearly F(End(c(Vs))o is 
the same as (Endc(Vs))'^, which in its turn can be identified with 
C'^. Our aim is to build a graded algebra isomorphism (p from CQ to 
F(Endc(V"E)) such that 

if is identity on C 

(*) ^( Yl K«1) = ^^- 

aGArrows(Q) 

We accomplish this in two steps: 
Lemma 1.1. Natural homomorphism 

F(Endc(Vs))i ®F(Endc(yE))o F{Endc{Vj,))j — > F{Endc{Vs)),+j 
is an isomorphism 
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Proof. We make some identifications 

F(Endc(V^s))^ = (^*®' ® Endc(Vs))'' = Homcl^s, V*^' ® Vj^) 

^0Homc(C,C"O, 
where 

F(Endc(Ks))i = (^*®^' ® Endc(V^s))'' = HomG(K^^' ® Ks, ^s) 



0Homc(e%C), 



where 

F(Endc(Vs))^+, = (\/*^(^+^') ® Endc(\/s))'' 
^ HomG(V^®^' ® V^s, V*^' ® Vs) = Homc(C^% C"0- 

Recall that 

F(Endc(Vs))o = 0C. 

Now the statement is clear. D 

This lemma implies that the natural homomorphism from tensor 
algebra of F(Endc(l^s))i over F_(Endc(l^s))o to F(Endc(V^s)) is an 
isomorphism. Graded algebra CQ possesses the same property, so it 
is clear that for establishing isomorphism of graded algebras which is 
identity on C''^ it is necessary and sufficient to establish isomorphism 
of subbimodules in degree 1. Decompose F(Endc(^s))i by primitive 
idempotents of C''^: 

F(Endc(V^s))i = {V* ® Endc(V^s))'' = HomG(V^ ® V,, V^). 

Clearly HomG(V" ^Vi,Vj) vanish if there are no arrows from i to j in Q 
and is one dimensional if there is arrow from i to j in Q. Subbimodule 
of C^ in degree 1 has similar decomposition. So any assignment a — > 
(p{a) G HomG(l^ Vi,Vj), ip{a) 7^ for a G Arrows((5) induces some 
isomorphism of graded algebras ip : CQ — > F(Endc(VE)). 

Proposition 1.1. For every arrow a : i — > j of Q choose any nonzero 
representative ip{a) G HomG'(V®Vi, Vj). It is possible to choose (p{a*) G 
RomciVj, V* O Vi) such that 

tr((i eg) ldvi)(p{a*)ip{a)) = diml^ dim V^-, 

where l : V* — > V is such that 

f{x) = uj{L{f),x) for / G y* and x eV . 
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This induces isomorphism of algebras which satisfies property (*). 

Proof. As for the possibility of choosing such aip{a*), in decomposition 
oi V <S) Vi into direct sum of indecomposable CG-modules Vj occurs 
exactly once, so if we choose any nonzero (p{a*) G HomG(^ ® Vi, Vj), 
we obtain that 

{L®ldvi)(p{a*)ip{a) 

is a projection onVjinV^Vi multiplied by some complex constant, so 
its trace is nonzero and by multiplication by some factor it is possible 
to make the trace accepting any complex value. It is only needed check 
that 

a€Arrows(Q) 

Choose some vertex i and multiply both sides by ef. 

(1.1) ^ V9(a)v9(a*) - ^ ip{a*)ip{a) = SiUJd. 

j£l,a:j n, j&I,a:i >j, 

aSArrows(Q) agArrows(Q) 

Both sides belong to HomG(l^ ®V®Vi, Vj), which can be identified 
with HomG(V^ ®Vi,V* ® Vi) by 'lifting' first element of tensor product. 
Apply i®ldvi to both sides. Since (a;(x))(?/) = u{y,x) and (u;(x))(y) = 
u!{L{uj{x)),y) we have l{uj{x)) = —x and 

Recall that each (t ® IdvJv^ (0)^9(0*) ^'^^ {'^ ® Icly-)(^(a*)v9(a) which 
occurs in (jl.ljl is a projection on a summand Vj multiplied by some 
complex number where j is another endpoint of a different from i. 
Denote this projection by pj. Then 

. , X / X / *x tT((L®ldv)'p(a)ip(a*)) 
(t ® ldvMa)^ia*) = -^ dimV ^' 

/ ^Ti N / *N / N -tr{{L(g)ldv,)^ia*)(p{a)) 
-(6®IdvJ<^(a*)¥p(a) = ^^ dimV^ ^'' 

By definition 

tr((i (g) ldvi)^{a*)(p{a)) = dim V dim Vj. 

There is an identity 

tr((i (g) ldv,)xy) = - tr((i (g) ldv^)yx), 

which holds for every x G Homc(V^ ®Vj,Vi) and y G Homc(K (g V^, V^). 
It is enough to check this identity for x = fi<^xo and y = f2®yo where 
/i, /2 e l^*, xo G Homc(\^j, l^i) and yo e Homc(Ki, V,): 

tr((i (g Idyjxy) = tr(i(/i)/2 (g xo^/o) = f2Wi)) tr(xoyo) 

= ^(''(/2), i(/i)) tr(a;o2/o) = -^(^(/i), ''(/2)) tr(yoa;o) 
= -/i(''(/2))tr(yoa;o) = -tr(i(/2)/i (S) VoXq) = - tr((i (g Idy,)yx). 
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Apply this identity: 

tr((i Idv-)y9(a)(y9(a*)) = — tr((6 IdyJ(y9(a*)y9(a)) = — dim 14 dim V^- . 
It follows that L ® Idy- applied to lefthand side of (jl.ll) equals to 
- dim Vi ^ Pj = - dim Vi Idy^y. 

i&I,a:i >j, 

a€Arrows(Q) 

and recalling that 5i = dim Vi we are done. D 

The next corollary summarizes what have been done in this section. 
Corollary 1.1. Algebra Il^{Q) is isomorphic to algebra 

(TiV*) ® Endc{Vj:)f/iSco - A). 

Moreover, this is isomorphism of filtered algebras with filtrations in- 
duced from gradings of CQ and T(y*). 

2. Case of A = 

In this section we are going to prove theorems |21 and El for the case 
A = 0. Key is the following lemma: 

Lemma 2.1. Algebra Il^{Q) is isomorphic to algebra of polynomial 
G-equivariant maps from V to Endc(Vs), i.e. the algebra 

(Sym(V^*) Endc(Vi))^, 

where Sym(V*) is the algebra of symmetric tensors of V* . Moreover, 
this is isomorphism of graded algebras. 

Proof. We already know that 11° (Q) is isomorphic to 

{T{V*) ® EndciVj,)f/i6uj) = {T{V*) Endc(V^s))''/c^. 
Since 

Sjm{V*)^Endc{Vj:) = {T{V*)/w)^Endc{V^) = {T{V*)^Endc{V^))/w 
it is enough to prove that the idempotent 

maps ideal generated hj u in T(y*) ®Endc(VE) to the ideal generated 
by LV in {T{V*) ® Endc(Vs))^. To prove this take some / G V*^' ® 
Endc(Vs), g e V*^^ ® Endci^s) and consider e{fujg). Note that fug 
is antisymmetric with respect to i + 1-th and i + 2-th argument. It 
follows that e{fujg) is antisymmetric with respect to i -|- 1-th and i + 2- 
th argument as well. Since 

e{fujg) G (\/*®(*+^'+2) ®Endc(V^E))^ 
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and we know from lemma lOI that 

(V*®(*+^'+')®Endc(Vi))^ 

= (y*^^ ® Endc{V^)f ®cG (V^*^' ® Endc(V^s))'' ®cg {V*'^' ® Endc(Vi))^ 
we can decompose 

K 

^if^g) = ^ fk^k9k 

k=l 

with fk G iV*^' ® Endc(VE))^, Qk G (V*^^ ® Endc(V^E))'' and Uj, G 
(\/*'^2 (g) Endc(V2))'^. Denote by r operator acting on elements of 
(^p^*ig>(j+i+2) ^ Endc(Vs))'^ by interchanging i + 1-th and i + 2-th argu- 
ments. Then 

K 

reifujg) = ^fk^'kdk 

k=l 

with uj'i^ is obtained from Uk by interchanging first two arguments. 
Hence 

1 1 ^ 

fc=i 
Since cufc — u;^ G HomG'(V^ ® V, Endc(^)) is antisymmetric and V is 
two dimensional, it can be represented as ujXk with Xk G Endc(Vi;)'^. 
Thus 



1 
^(/^5') = 9 X^ fk^XkQk 



fc=i 

with /fc, Xfc and Qk from (r(V*) Endc(Vs))'^. This completes the 
proof. n 

The next propositions follow immediately. 

Proposition 2.1. Algebra eiIl^{Q)ei is isomorphic to the algebra of 
polynomial G-equivariant maps from V to Endc(Vi) for any i E I . In 
particular, 0^{Q) = eon''(Q)eo is isomorphic to the algebra of invari- 
ants of G on V . 

Proposition 2.2. Algebra eiIl^{Q)ei possesses standard identity of de- 
gree 26i for any i E I . 

Proposition 2.3. There is a graded inclusion from eoI\^{Q)eo to the 
center of T].^{Q) and graded inclusions from eon°((5)eo to center of 
eiIi^{Q)ei for i E I induced by inclusions C C Endc(Vs) and C C 
Endc(l^) correspondingly. 

For any i E I and x E V denote by fj,i{x) the subset of Endc(Vi) 
defined by 

fii{x) = {f{x)\f is a polynomial G-equivariant map from V to Endc(^)}. 

For the rest we need the following statement: 
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Lemma 2.2. The set of x & V for which fii{x) = Endc(Vi) is alge- 
braically dense for any i & I. 

Proof. Suppose / : V — > C is a non-constant G-invariant polynomial 
function. Then its differential df is a polynomial G-equivariant map 
from V to V^*. Denote by U the set oi x & V for which {df{x)){x) ^ 0. 
Clearly U is open and U is not empty since {df{x)){x) = implies 
/ is a constant. Denote by U' the subset of U of all x such that 
f{x) 7^ 0. Since U' is open and not empty it is dense. We will prove 
that every x from U' satisfies the required condition. So let f{x)^0 
and let {df{x)){x) ^ 0. Then Ldf{x) E V {l : V* — ^ l^ is such that 
uj{i{yi),y2) = yi{y2) for every yi G V* and y2 G V) is not a multiple of 
X because if Ldf{x) = Cx, C E C then 

{df{x)){x) = uj{Ldf{x),x) = uj{Cx,x) = 0. 

It follows that f{x)x and Ldf{x) span V. Since gi : V — > V defined 
by giiy) = f{y)y and 5-2 : V^ — ' V defined by 5-2(2/) = df{y) are 
polynomial and G-equivariant we have that every element of V is value 
in X of some polynomial G-equivariant map from V to V . It follows 
that for every k every element of V®^ is value in x of some polynomial 
G-equivariant map from V to V®^ . Since every finite dimensional CG- 
module is submodule of V®^ for some /c, the statement holds for every 
finite dimensional CG-module, in particular for Endc(^). □ 

This lemma implies that there is no /c < 25i such that eiIl^{Q)ei has 
standard identity of degree k (since some factor of eiU.^{Q)ei is algebra 
of matrices 5i x 5i). Moreover it implies that every polynomial map 
from V to Endc(^i) which commutes with all G-equivariant polynomial 
maps from V to Endc(V^) accepts only scalar values thus the inclusion 
of proposition 12.31 is in fact an isomorphism. 

Corollary 2.1. Theorems\^ and\^ are valid when A = 0. 

3. Regularity of the multiplication law 

Denote by 5„ the C^-bimodule (Sym"(y*) ® Endc(l^E))^, by S the 
graded algebra (Sym(\/*)®Endc(Vs))^, by T„ the C^-bimodule (V^*®"® 
Endc(l^s))^ and by T the graded algebra {T{V*) Endc(l^s))^- In 
this section we will show that all algebras of the family Il^{Q) can be 
identified with an algebra which is 5 as a vector space and the multi- 
plication law in it polynomially depends on A. For every k = 0,1,2, .. . 
we construct an operator 



TTr, 



• J-k * \ly ' 



2=0 



such that 

(1) TT^{x) = X ioT X E Sk- 
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(2) n^{x) = X mod Su — \ for any x E T/. 

(3) 7r^(xiu;a;2) = iT^_2i^i^^^'^^'2) for any Xi G Tj and X2 G Tj with 
i + j = k-2. 

(4) Tf^ix) polynomially depends on A. 

Then the family of operators vr^ define an operator tt'^ acting from 
T to S. It is clear that tt^ is a projection with image S, the second 
property of vr^ guarantee that 7r^(x) is equivalent to x in algebra Il^{Q), 
whilst the third property implies that equivalent in Il''^{Q) elements are 
mapped to identical elements. Combined this gives the isomorphism 
of 11^ (Q) and S as filtered vector spaces and multiplication in 11^ (Q) 
transferred to S can be easily written as 

X X y = Tc^{x ® y), 

which polynomially depends on A. It is left to show that the family of 
operators with properties (l)-(4) exist. 

Clearly for k = and A; = 1 we may take an identity operators. Then 
we prove existence of vr^ by induction. Fix some A G C''^ and integer 
k >2. Define operators 

fc-2 fc-2 

Ti : Tfc © S'j — > Tk ® ^ Sj ior i = 1, . . . ,k - 1 as 

j=0 j=0 



fc-2 



Ti{x) = for X G ^H Sj 

j=0 

Ti{x) = for X ETk such that x is symmetric with respect to i-th and i + 1-th arguments, 

nifujg) = fug - Til-^fS-'Xg), 

which defines Tj for x eT^. such that x is antisymmetric with respect to 
i-th and i + 1-th arguments. Put pj = 1 — 2rj. We prove the following 
fact: 

Proposition 3.1. The family of operators (pi) satisfy conditions 

(1) p1 = h 

(2) piPj = pjPi for \i-j\>l, 

(3) PiPi+iPi = pi+ipiPi+i, 

so (pi) induce a representation of the group of permutations of k ele- 
ments. 

Proof. Property (1) is easy. Consider the property (2). Assume j > i. 
It is enough to check the property for argument of the form 

X = fiujf2ujf3 for /i G Ti_i, /s G T,_i_2, /s G Tk^j-i- 

Then 

PiPjX - PjPiX = 7r^"^(/lC^/25"^A/3 - flUjf2S~'^\f3) 



IT 



{fi5-'\f25~'\fs) - ^l-\fi6~'\f26-'\f,) 
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by the induction hypothesis. Consider the property (3). Denote by 
p^, i = 1,2, . . . ,k — 1 the operator in T^ which acts on x G T^ by 
interchanging of i-th and i + 1-th arguments. Then, clearly operators 
p[ satisfy conditions (l)-(3). Choose some i ^ k — 1. Since there is 
no element of Tk which is antisymmetric with respect to arguments i, 
i + 1, i + 2 the following operator vanishes on T^: 

I- Pi- Pi+i - PiPi+iPi + PiPi+1 + Pi+iPi = 0. 
If we substitute p[ = 1 — 2t- we obtain that 

// / ^ I 1 / // ^ / 

'^i'^i+l'^i — 'j'^i ^^*^ '^i+l'^i'^i+1 ~ 7'^«+l 

If we prove that 

'^i'^j^i = J'^i for |i- j| = 1, 

the property (3) would follow. But ii \i — j\ = 1 then 

_2 _ /'/_£ '__2_£ 

here we consider t^, m = 1, 2, . . . , fc — 1 as an operator in Tk © ©jJo Si 
which acts as zero on the component ^,i^Zq Si and use the equality 
TmiTma = '^mi'r'm^ which is vahd for mi, m2 = 1, 2, . . . , fc - 1. D 

Consider the representation of group of permutations of k elements 
Sk given by operators pi. Denote by e the image of the element 

of group algebra CSk- Then we can expand every a as a product of 
operators pi, substitute pi = 1 — 2rj and represent 

fe-i 
(3.1) e = 1 + y^ TiXijTj where Xij are some operators. 

*j=i 

Then put tt^x = ex for x E T^. Check the required properties for vr^. 
The property (1) follows from ()3.H) and the fact that all Tj vanish on 
elements of 5*^. Since all images of Tj belong to the ideal generated 
by Soj — X, the property (2) follows. The property (3) is true since 
e = epi+i implies e = e{l — Tj+i) and 

e{XiUJX2) = e(l — Ti^i){XiUJX2) = e7l'^^^{xiS^^\X2) = 7r^^'^{Xi6^^\X2). 

The property (4) is obvious, so we have proved 

Proposition 3.2. The family of operators vr^ satisfying properties (1) 
- (4) exist. 

The immediate corollary is 
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Corollary 3.1. Every algebra Il^{Q) is isomorphic as a filtered algebra 
to S with multiplication law x ^ which polynomially depends on A and 
is such that for any homogeneous x of degree i and homogeneous y of 
degree j the term of degree i + j in x x-'^y does not depend on A. 

4. Generic A 

Due to corollary 13.11 we identify Il^{Q) with S with multiplication 
which depends on A polynomially. Denote this multiplication by x^. 
Sometimes when A is fixed we will omit the sign x'^ and simply write 
xy instead of x x^y keeping in mind that the result depends on A 
polynomially. In this section we will prove the statement of theorems 
El and El for some algebraically dense subset of the set 

ry = {A G C^ : A ■ 5 = 0}. 

Namely, it will be proved for set where the following proposition holds: 

Proposition 4.1. There exist elements /i, . . . , /„ and gi, . . . ,gn in S 
and rational functions ai, . . . , «„ defined on rj such that 

^ A A 

^ai{X)fi xcqX gi = l 

i=l 

for each A from some algebraically dense subset ofrj. 

Proof. It easily follows from the definition of deformed preprojective 
algebra that 

U\Q)/U\Q)eon\Q) = U^'iQ'), 
where Q' is the Dynkin diagram obtained from Q by deleting vertex 
and A' is the restriction of A to vertices of Q'. It was proved in 
[21 that deformed preprojective algebra of a Dynkin diagram is always 
finite dimensional and is zero for all parameters except some number 
of hyperplanes. We will use the following implications: 

(1) the homogeneous subspace S x^ cq x'^ S oi S has finite codimen- 
sion, 

(2) there exists Xq e r] such that S x^o cq x^" S = S . 

Choose some basis in 5* x" cq x° S* of the form (oj x° cq x° hi) where i 
ranges over the set of positive integers and all a^ and 6j are homogeneous 
elements of 5*. It follows from the first statement that we can add some 
finite number of homogeneous elements oi S xi, X2, ■ ■ ■ , Xn such that Xi 
and Cj x° Co x° 6j together form a basis of S. Now, for A G r^ consider 
the set 

A A 

-B(A) = {xi\i = 1, . . . ,n} U {oj X Co X bi\i = 1,2, . . . }. 

It is again a basis of S because each Oj x'^cq x^6i equals to sum of 
Cj x'' Co x° 6j and some terms of lower degree. Moreover every element 
of S being expanded with respect to this basis has all coefficients poly- 
nomial in A. 



ALGEBRAS GENERATED BY ELEMENTS WITH GIVEN SPECTRUM. . . 13 

It follows from the statement (2) that there exist some Aq such that 
ioT i = 1, . . . ,n 

A xeox gl 

k=l 

where all /f and gf are elements of S. Consider elements yi{X) G S for 
i = 1, . . . ,n defined by 



^^ A A 



y 



(A) = 5^ /' X eo X (7f . 



fe=i 



Consider an n x n matrix Z{X) = {zij{X)) where %(A) is the value of 
a coefficient near Xi of the expansion of yj{X) with respect to the basis 
B{X). We have the following expansion of yj{X) with respect to the 
basis -B(A): 

Kj fi Lj 

^ fj xeox gj =^ Zij{X)xi + ^ Cjk{X)ak x cq x 6^ 

k=l i=l k=l 

for some polynomial functions of A Cjk{X). Rewrite this as 

n Kj Lj 

Y^ Zij{X)xi = ^ /j^ X eo X g'^ - ^ Cjk{X)ak x cq x 6^ 

j=l fc=l k=l 

and consider it as a system of linear equations with indeterminates 
xi, . . . , Xn- Clearly it can be solved for such A that det Z{X) ^ and 
the solution will depend on A rationally. If we expand 1 with respect 
to the basis -B(A) and then use this solution we obtain the required 
expansion. The set of A G r/ for which det Z{X) 7^ is open. It is 
nonempty since Z{Xo) is the identity matrix, hence this set is dense. 
This completes the proof. D 

Denote by 77' the subset of rj for which we proved the proposition 
above. 

Proposition 4.2. For every X E rj' and every x G 0^{Q) = eoIl^{Q)eo 
there exist z{x) in the center ofIl^{Q) such that eoz{x)eo = x. 

Proof. Put 

n 

z{^) = 'Ycti{X)fiXgi. 
1=1 

Then 

n n 

eQz{x)eo = ^ai(A)eo/iX5fieo = ^ ai(A)a;/jeofi'ieo = x 

i=l i=l 
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since 0^{Q) is commutative. Again, using commutativity of 0^{Q) for 
any y E S 

n n 

yz{x) = ^ai{X)yfixgi = J^ ai{X)aj{X)fjeogjyfiXgi 

n n 

= ^ ai{X)aj{X)fjXgjyfieogi = ^aj{X)fjXgjy = z{x)y. 

i,j = l j = l 

n 

Proposition 4.3. For every X E rj' and every q E I the algebra 
eqIl^{Q)eg has standard identity of degree 25 q. 

Proof. For x E S construct a n x n matrix M{x) over 0^{Q) with 
elements 

mij(x) = ai{X)eogixfjeo. 
Then for x,y E S the matrix M{x)M{y) has elements 

n n 

^mik{x)mkj{y) = ^ai{X)eogixfkeoak{X)eogkyfjeo 

k=l fc=l 

= ai{X)eogiXyfjeo = mij{xy), 

so M{xy) = M{x)M{y). 

Denote by p the matrix M(l) . Clearly p is an idempotent and M defines 
a homomorphism from 11'*' (Q) to p Mat (n, O^ {Q))p where Mat (n, O^ (Q)) 
denotes the algebra oinxn matrices over 0^{Q). Construct an inverse 
map A^ : Mat(n, 0^{Q)) — ^ S. Let A = (aij) then put 

n 

NiA) = ^ a j{X) fitting j. 
Then we can check 

n 

N{M{x)) = ^ aj{X)fiai{X)eogixfjeogj = x and 

n 

mij{N{A)) = ^ ai{X)eogiai{X)fkakigifjeo ,which implies 

k,l=l 

M{N{A)) = pAp. 

It proves that M is an isomorphism. The algebra 0^{Q) is a domain 
(see J2]). Hence it can be embedded into its field of fractions F. So the 
algebra p Mat (n, 0^{Q))p can be embedded into pMat(n, F)p which is 
isomorphic to Mat(r, F) where r is the rank of p in Mat(n, F). Denote 
by Pq the matrix M(eq) for q E L In a similar way eqIl^{Q)eq can be 
embedded into Mat(rg, F) where Vq is the rank oi Pq in Mat(n, F). On 
the other hand Vq = tr pq which is rational function of A. Since Vq can 
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accept only a finite number of values, namely 1, 2, . . . , n on the dense 
set rj' it is constant. In Il^{Q) 

Yl [^' ^*] = Yl Vr 

aGArrows(Q) qGl 

Hence 

qei qei 

Since this equality holds for all A from rj' which is dense in rj there is a 
constant c G C such that r^ = c6q for g G /. For q = 

Po = M(eo) = iai{\)eogieofjeo) 

so Po has rank 1. It implies c = 1 and r^ = 6q. We have proved that the 
algebra Cqll^eq ioi X E r]', q E I is isomorphic to some subalgebra of 
the algebra of 5q x 6q matrices over the field F, so the standard identity 
of degree 26q is satisfied by Amitsur-Levitzki theorem. D 

5. Extending to the whole hyperplane 

To finish the proof of theorems El and 01 we need to make several 
steps. 

Proposition 5.1. For any A G C^ such that X ■ 6 = and any i E I 
the algebra eiIl^{Q)ei satisfies the standard identity of degree 26i. 

Proof. For Xi, . . . X2i^ G CjS'ej the sum 

^-^ A A 

2_^ sign(cr)x^(i) X ... X x^(25,) 

is zero on an algebraically dense subset of A G C^, A ■ 5 = 0. Since it is 
polynomial in A it is zero for all A G C"^, A • 5 = 0. D 

Proposition 5.2. For every X E rj and every x G 0^{Q) there exist 
unique z{x) in the center ofI\^{Q) such that eQz{x)eQ = x. 

Proof. First note that if such a z{x) exist then it is unique. Suppose 
the contrary. Then there exists a in the center of Il^{Q) such that 
coa = 0. Suppose CjO ^ 0. Then since Il^{Q) is prime (see [2]) there 
exist y G Il^{Q) such that CoyCia ^ 0. Rewrite the last as eoayci and 
get a contradiction. 

Then note that the degree of z{x) is not greater then that of x. 
Let z{x)' be the term of maximal degree of z{x) and suppose that the 
degree of z{x)' is greater then that of x. Clearly z{xy belongs to the 
center of 11° (Q), but eo-z(a;)'eo = which contradicts previous remark. 

The algebra Il''^{Q) is finitely generated, and for any x since the 
degree oi z{x) is bounded the problem of finding such z{x) for any fixed 
X is equivalent to some finite system of linear equations. Coefficients 
of the system depend on A polynomially. Suppose the system has m 
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equations and n indeterminates. Consider the set W oi \ for which 
the system has a unique solution. The system has unique solution if 
and only if there exist equations 11,12, ■ ■ ■ ,in in the system such that 
the subsystem ii,i2, . . . ,in is nondegenerate (the set f/ of A for which 
it is true is open) and the solution of equations 11,12, ... ,in satisfy 
other equations (the set of A for which it is true is closed in U). Thus 
we obtain a sequence of open sets f/i, f/2, • • • , Un and a sequence of 
sets Vi,V2, . . . ,Vn each Vi closed in corresponding Ui. It follows that 
W is covered by Ui,U2, . . . , Ujy and intersection of W with each f/j is 
closed. So ly is a closed set in the union of Ui, U2, ■ . .Un hence it is an 
intersection of some open set and some closed set. 

Applying proposition 14.21 together with the first remark in this proof 
we obtain that W is an open set. Applying proposition 12.31 with first 
remark we obtain that W contains some neighbourhood of zero. So 
for any x G Co^'eo and any A there exist some constant c G C such 
that there exist z'{x) e S which belongs to the center of 11'^^ (Q) and 
eoz'{x)eo = x. Let x be a homogeneous element of degree k. Define an 
operator on T as a multiplication by c^ on each T„. Then is an 
automorphism of algebra T and maps 6uj — cX to c6u! — cX. It follows 
that (f>{z'{x)) belongs to the center of 11 (Q) and eo(j){z'{x))eo = c^x, 
so z{x) = (f){z'{x))c~2 belongs to the center of 11 (Q) and eoz{x)eo = 
X. D 

Proof of the theorem\^ For any A G C^, A ■ 5 = take a map (j)x from 
0^{Q) to the center of n'^(Q) such that eQ(t)\{x)eQ = x for all x G 
0^((5). By the proposition 15.21 (/)\ is uniquely defined by this property 
so it is linear, li x,y G 0^{Q) then (f)x{x)(f)xiy) belongs to the center 
of H^iQ) and eo(j)x{x)(f)x{y)eo = xy, so again by the proposition 15.21 
4>x{xy) = (f)x(yX)(j)x{y). Clearly (pxi^o) = 1. So 0a is a homomorphism. 
The homomorphism (px is an inclusion because for any x G 0^{Q) 

X = eo0A(a^)eo- 

For any i & I put 4>\{x) = CiCpxix) for x G 0^{Q). Then it is 
elementary to check that (j)\ is a homomorphism from algebra 0^{Q) 
to the center of eiIl^{Q)ei. It is an inclusion because n'^(Q) is prime 
(see |2j), so if a; 7^ belong to the center of n^(Q) then there exist 
y G H^iQ) such that Ciyx 7^ hence etx 7^ 0. 

To prove that (j)\ is surjective suppose that x belongs to the center of 
eiIl^{Q)ei, X does not belong to the image of (f)\ and has the smallest 
possible degree. Let x' be the term of highest degree of x (we again 
identify H'^iQ) with S). Then x' belongs to the center of eiIl^{Q)ei 
and thus there is homogeneous y G O'^(Q) such that x' = (p^iy) (it 
already follows from the corollarv 12.11 that 0q is surjective). Consider 
z = 4>x{y) and z' — the term of the highest degree of z. Then z' is in 
the center of 11° (Q) and eoz'eo is zero or equals to y. The first case is 
impossible due to the proposition EH Thus z' = (po{y) and the term of 
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maximal degree of (p\{y) = CiZCi equals to x'. It follows that x — (p\{y) 
has degree lower then x and does not belong to the image of (f)\ thus 
obtaining a contradiction. D 

Proof of the theorem{^ The statement of the theorem El follows from 
the proposition lS.ll and the fact that if k is such that for any Xi,X2, ■ ■ ■ ,Xk G 

■r-^ A A 

2_^ sign(a)x^(i) x . . . x x^(fc) = 0, 

then denoting by x'^ the term of maximal degree of Xj we get 

v^ 

2^ sign(a)x^(i) x . . . x x^(fc) = 0, 

SO from the corollary 12. li fe > 26i. D 

6. Proof of the theorem [T] 

Consider a quiver C„ with n vertices I = {1,2, . . . ,n} which form a 
chain: 

n ■< n — 1 •< n — 2 ■< ■ ■ • -s 1 

Suppose we have a sequence of complex numbers A = (Aj), i = 1, . . . , n— 
1. Consider an algebra 

(n-2 n-l \ 

CCn/(^[ai, a*] - a*_ia„_i - ^ AjCi) | e^. 
j=i 1=1 / 

Proposition 6.1. The algebra R^ is isomorphic to the algebra C[x]/P{x) 
via an isomorphism sending x to a„_ia*_]^ where P(x) is a polynomial 
given by 

n-l 
P{x) = X{X + A„_i)(x + \n-l + \n-2) • • • (x + ^ Ai). 

j=l 

Proof. If ri = 1 both algebras are isomorphic to C. We proceed by 
induction. For n > 1 the algebra R^ splits as a vector space: 

(n-l n-l \ 

i=l i=l / 

Then, 

(n-l n-l \ 

CCn/(^[ai, a*] - a*_ia„_i - ^ AjCi) 1 e„__i 
i=l 1=1 J 

— (-^n-1 * C[a*_]^a„_i])/(a„_2a.^_2 ~ o-n-i^^n-i — A„_ie„_i), 

where we denote by * the free product of algebras. By the induction 
hypothesis the last is isomorphic to 

{C[an-20'n_2\ / P {0'n-20'n-2)*^[^n-l^n-l]) / {0'n-20'n-2~(^n-l(^n-l~^n-l^n-l) 
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for 



so 



n-2 

P~{x) = x{x + A„_2)(x + A„_2 + A„,_3) . . . (a; + ^ Aj), 

j=i 



(n-l n-1 \ 

^Cn/iy^jaj, a*] - a*_ia„_i - ^ AjCj) | e„_i 
i=l j=l / 

= C[a;_ia„_i]/P"«_ia„_i + A„_i), 
therefore 

Rn = C[a„_i<_J/(p-(a„_i<_i + A„_i)a„_i<_i) 
and it can be easily seen that 

P (a„_ia*_]^ + A„„i)a„_ia*„^ = P(a„_ia*_^). 



D 



The theorem is now vahd because ecn.^{Q)ec defined as in the state- 
ment of the theorem is isomorphic to the free product of algebras 
-RdegPi-i factored by relation 

n 
i=l 

where 

A* = (ajdegPi-2 ~ ttjdegPi-l; • • • ; ^il ~ ttj2; " Ctjl) 

and by the proposition Ifj. II each -RdegP^-i i^ isomorphic to 

C[aiia*J/Pi(aiia*i). 
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